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Abstract. We consider a generalized Dirac-Fock type evolution equation de- 
duced from no-photon Quantum Electrodynamics, which describes the self- 
consistent time-evolution of relativistic electrons, the observable ones as well 
as those filling up the Dirac sea. This equation has been originally intro- 
duced by Dirac in 1934 in a simplified form. Since we work in a Hartree-Fock 
type approximation, the elements describing the physical state of the electrons 
are infinite rank projectors. Using the Bogoliubov-Dirac-Fock formalism, in- 
I troducod by Chaix-Iracane (J. Phys. B., 22, 3791-3814, 1989), and recently 

. established by Hainzl-Lewin-Sere, we prove the existence of global-in-time so- 

' lutions of the considered evolution equation. 
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en ■ 1. Introduction 

> 

QQ ' The quantum mechanical description of relativistic spin-1/2 particles, say elec- 

trons, is based on the famous Dirac operator, i.e. 

o 

' acting 0T^ = L^(R'^,C''), where a. = (Q;i,Q;2,a3) and (3 are the standard Dirac 

matrices !3_4! ■ Its main drawback, from a physical as well as from a mathematical 
Oh' point of view, is the fact that its spectrum is not bounded from below, since 

(7(i?0) = (-oo,-l]U[l,oo). 

To circumvent this problem, Dirac |3 |H] postulated that the negative energy states 
are all filled with one electron each, thereby taking into account Pauli's exclusion 
principle. More precisely, within this framework the free vacuum state has to be 
considered as being an infinite Slater determinant SIq = V"? V"" ^ ' ' ' ' ' ' j 

where (V'i')i>i is an orthonormal basis of the negative spectral subspace S)^_ := 
■ X(-oo,o)(-D°)i^(R'^, C^). The density matrix of fio is then an infinite rank orthog- 

onal projector given by 

:=X(-oo,o)(i?")=El^°)(^°l- 

This distribution of negative energy electrons is postulated to be unobservable 
on account of its uniformity. However, in the presence of an external potential, 
these so-called virtual electrons react such that the vacuum becomes polarized. 
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The study of this polarization effects plays an important role in modern Quantum 
Electrodynamics (QED), cf. Ji J^8j 35^ and the references given in ^l,22t- In 
generality, Dirac in [3 |H| approximates electrons, the observable ones as well as 
the ones filling the sea, by an orthogonal projector P on Sj with infinite rank, 
which is interpreted as the density matrix of a formal infinite Slater determinant 
flp = AV^f A- • -Aipf A- • • , where {ipf)i>i is an orthonormal basis of PL^(IR^, C*). 

Our goal in this paper is to study a time-dependent equation describing the evo- 
lution of such an infinite rank orthogonal projector P(t). This equation is obtained 
from the Bogoliubov-Dirac-Fock (BDF) model which is a mean-field approximation 
of no-photon QED and has been introduced by Chaix-lracane in 1^. It formally 
reads 

(1-1) Zj^P{t) = [DQ^t),P{t)l 

where Q{t) := P{t) — P^ and DQ(t) is a mean-field operator taking into account 
not only external fields, but also the self- consistent potentials created by the state 
P{t) itself: 

(1.2) DQ:=D" + ^ + apQ*l^- a^^. 

\-\ \x-y\ 

Here pq{x) = Trc4((5(a;, x)) = Trc4(P — P^){x,x) is the density of charge, [•, •] 
denotes the usual commutator bracket, a is Sommerfeld's fine structure constant 
and Lp is some given external potential. We shall be mainly interested in the case 
where 

1 

ip = -an * — , 

for some appropriately defined charge density n. Equation (|I.1|I is similar to the well 
known time-dependent Hartree-Fock model of non-relativistic quantum mechanics, 
see, e.g. |S1E|- The operator Q{t) = P{t) — P° is interpreted as the renormalized 
density matrix (i.e. measured with respect to the free vacuum P^) of the quantum 
state described by P{t). When no external field is present, i.e. p = i), the free 
vacuum P° is a stationary solution of the equation H1.I|I . since Q{t) = P^ — P'^ = 
and of course [D°,P°] =0. 

An equation very similar to (|I.1(I has been first introduced by Dirac himself 
in [3 12]. Compared to equation (|1.2|l though, he neglected the exchange term 
-aQ{x,y)/\x-yl cf. [U Eq. (2)], jSi Eq. (3)] and [3T1 Eq. (2.5.18)]. This last 
term of is a consequence of Pauli's principle and is again classical in mean-field 
theories for fermions. 

The interpretation of Hl.l|l . in terms of the BDF model in no-photon QED, is 
roughly speaking as follows: in j^, Chaix and Iracane consider the free relativistic 
Fock space in which they define a class of states furnished by Bogoliubov transforma- 
tions of the free vacuum. Each of these states can then be equivalently represented 
by its density matrix which is an orthogonal projector P, such that Q = P — P'^ is 
Hilbert-Schmidt. In 0, the energy of such a BDF state f2p is computed and proved 
to be only depending on Q — P — P'^. Details can also be found in the appendix of 
PT] . The equation (|l.l|l can be regarded as the natural evolution equation of the 
BDF model, since the right hand side of Hl.l() is nothing but the derivative of the 
BDF energy under the constraint that P = Q -I- P" is an orthogonal projector. Our 
equation of interest 1)1.1(1 therefore describes the time-evolution of the associated 
state rip(f), within the BDF class in Fock space. 

In comparison to other relativistic theories, which usually do not take into ac- 
count the behavior of the vacuum, the BDF model of "3* admits the extremely 
important property that its associated energy is a bounded-below functional, cf. 
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m ^ 12] ■ This property in the foUowing enables us to prove the existence of global- 
in-time solutions to equation Hl.l() . 

^From a mathematical point of view, solving the time-dependent non-linear equa- 
tion is not an easy task due to the fact that P{t) is an infinite-rank projector. 
Indeed we shall heavily rely on the framework and results provided by Hainzl- 
Lewin-Sere in |21[I22| . where the existence of a minimizer P of the BDF energy is 
proved. This minimizer is found to be the solution of the self-consistent equation 

P = X(^oo,q){Dq), with Q = P-P0, 

and thus P comprises a stationary solution of 

Observe that the equation includes the usual self-consistent interaction of 
real electrons, as well as additionally the interaction of real electrons with the Dirac 
sea (virtual electrons) and its corresponding self-interaction. In the stationary case, 
one can minimize the BDF energy-functional, having fixed the total charge N of 
Q. A minimizer P, with corresponding charge A'^, is then found to be the solution 
of an equation of the form (see and |21[ Remark 6]) 

(1.3) P^X{-ocMDq), with Q = P-P", 

where A is an Euler-Lagrange multiplier interpreted as a chemical potential. The 
projector P is then also a stationary solution of our equation It can be 

naturally decomposed via 

P:=n + 7 

where 7 = X[o.a)(-Dq) ~ S^Li is a finite rank projector representing N 

electrons, and 11 = X(-oo,o)(^q) is an infinite rank projector, representing the 
Dirac sea. Using H1.3|l . it can easily be seen that the 4>j^s are solutions of the Dirac- 
Fock equations JI], perturbed by the vacuum polarization potentials created by 
n. Since these potentials are of higher order in the coupling constant a, the usual 
Dirac-Fock model is therefore obtained as a non-variational approximation of the 
BDF model. However, for a general projector P, and in particular for our time- 
dependent solution P(t), there is a priori no way of performing the above given 
decomposition between real electrons and the Dirac sea. 

As usual in QED, see, e.g. 0, we shall be forced to introduce an ultraviolet 
momentum cut-off A > 0, in order to obtain a well-defined local charge density pQ. 
The only constraint on this cut-off A will be its finiteness, which from a physical 
point of view corresponds to the assumption that electrons can not shrink to a point. 
(Remark that A ~ lO^^^mc^ corresponds to an electron radius of 10~^^'^cm.) Such 
a point-like limit would cause rather unphysical effects, as discussed for example 
in [221 3.nd already suggested earlier by Landau et al. [2I1I2HI- In other words, we 
want to stress the fact that the UV cut-off is not used as a mathematical tool in 
order to simplify the problem. Rather, the considered model has no meaning 
if this cut-off is removed, simply because the function pg, appearing in H1.2|) . has 
no meaning. From a physical point of view, one may argue that all observables in 
the following are cut-off dependent and they diverge as A — > 00. In the physics 
literature these divergencies are formally removed by means of a renormalization 
procedure [SEIj which however is clearly beyond the scope of the present work. We 
thus choose of a finite, but arbitrarily large cut-off A and refer to |22| for comments 
and rigorous results concerning the behavior of the BDF model in the limit A ^ 00. 

Finally note that our existence result is also valid if the exchange term in 
is dropped, leading to the original model considered by Dirac in |3|H]. 

The paper is now organized as follows: in the next section, we introduce the 
model and state our main result. Its proof is then provided in Section O 
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2. Definitions and main results 

In this section we introduce the basic setting for our generalized Dirac-Fock type 
model and state our main result. We follow j^|22| and implement an ultraviolet 
cut-off A by considering the following Hilbert space 

f)A = {fe L\R\ C") I supp/ c B{Q, A)}. 

The only restriction on A will be its finiteness. For any Hilbert-Schmidt operator 

(2.1) Q e e2{S)A) := {Q I tr \Q\^ = tvQ*Q < oo} , 

the associated charge-density pq is a well-defined function in i^(R'^). In the Fourier 
domain, it is given by 21 Equ. (9)] 

(2.2) p^{k) = ^_L_^^^^Trc4 {Q{p + kl2,p~k/2))dp. 

Notice that the function Q £ 62{^a) ^ Pq £ L'^{S?) is continuous. Like in |22| . 
we introduce the following Hilbert space 

which is rather the Fourier inverse of i^(R'^), weighted by and equipped 

with the so-called Coulomb norm 

We consider a time-independent external field of the form 

1 

ip = -an * — , 

where n is some fixed (time-independent) function in C. Typically, one may think of 
n as being the charge density created by some given system of smeared-out nuclei, 
with n{x) dx = Z , denoting the total number of nuclei. For the following let us 
define our main Hilbert space |22 

HA = {ge S2(i3A), pqgc}, 

and its associated norm 

Moreover, let us denote by Va the orthogonal projection of L'^{R^) onto its closed 
subspace 53a. Then, for any Q G TYa, 

(2.3) Dq := Va (d' + a{pQ - n) * ^ - a^^) Va 

is a well-defined self-adjoint bounded operator on i^A, cf. |^ Lemma 4]. Notice 
that without the use of a projection Va onto ^a, the operator Dq would not 
necessarily stabilize S]a- However, in the following we shall frequently omit to 
write the projection Pa, for the sake of simplicity. 

Our goal is then to study the following Cauchy problem 



(2.4) 



where 



P(0) -P/, 

P{t)^=P{t), Q{t) ^ P{t) - P" £ Ha, 
P° = X(-oo.o) {VaD'^Va) , 
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and Dq is defined in 1)2. 3|l . The operator Pi ~ {PiY is some initially given orthog- 
onal projector on i^A, which is such that Qj Pj — & Ha- 

Remark 2.1. The requirement P{t) — P^ E &2{^a) implies, according to the Shale- 
Stinespring Theorem |5Bl|3ni|22|, that the Fock space representation associated with 
P{t) is, for any t, equivalent to the one associated with (see also and, e.g. 
, 1^ Appendix]). Therefore P{t) is associated with a BDF state in the free Fock 
space which is a Bogoliubov rotation of the free vacuum. 

Notice that we do not assume Qj to be trace-class, since we strongly believe 
that this property will not be conserved along the solutions, i.e. Q{t) ^ &i{Sja) 
as soon as i > 0, even if one starts with a Q/ G &i{Sja)- This belief is supported 
by the fact that the stationary solutions constructed in [2] 122] are in general not 
trace-class. Of course, this forces us to add an UV cut-off A in order to obtain a 
well-defined density via 1)2. 2|l . 

On the other hand, Q{t) can be shown to be indeed P^-trace class, a concept 
introduced in |21| and which we redefine here for the reader's convenience: an 
operator A € &2i^A) is said to be P° -trace class, li A++ := {I- P^)A{\- P°) and 
A^^ := P^AP^ are trace-class (g &i{^a))- The associated P'^-trace of A is then 
given by 

(2.5) trpo A = trA++ +trA . 
Notice, if A is even trace-class then 

ivpoA^tvA, Ae&i{9)a)- 

In the following, we denote by 6f°(i3A) the set of all P^-trace class operators and 
remark 6f {^a) C &2{^a). by definition. It was shown in that any difference 
of two projectors satisfying the Shale- Stinespring criterion, i.e. Q = P — P^ G 
S2(^a), is automatically in 6f (-^a)- This yields for the solution of H2.4|l . if it 
exists, that P{t) will be such that 

g(t) = p(t)-p"Gef°(.^A). 

Moreover, by |21l Lemma 2], we know that irpa{Q) is always an integer, and thus 
an appropriate tool for describing charge sectors. In the following, we shall show 
that the total charge is a conserved quantity along the solution, i.e. 

trpo(Q(t)) =trpo(Q/). 

As we shall see, another conserved quantity for Q{t) is the Bogoliubov-Dirac-Fock 
energy OHEIlEll- This energy is defined, for any Q = P - P^ E Ha (-P being a 
orthogonal projector), by 

(2.6) £iQ)^trpo{D"Q)-aD{pQ,n) + ^D{pQ,pQ)^^ ff fe^dxdy, 

^ ^ J F ~ y\ 

where 

Di.Lg)=4.f i^dk. 
Jr^ \k\ 

In 1^ 1221, it is shown that £ is bounded from below and moreover admits a 
minimizer Q = P — P^ , which obeys the self-consistent equation 

(2.7) P = X(-oo,0) {Dq) . 

Obviously, this implies that P is a stationary solution of our evolution equation 
(|2.4|) . since [Dq, P] = holds. Notice that Q is never trace-class as soon as n ^ Q. 

We can now state the main result of this work: 
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Theorem 1. Let A > 0, < a < 4/7r and n C. Then, for any initial orthogonal 
projector Pj such that Q i ^ Pi — <E Ha, there exists a unique maximal solution 

P{t)eC^{[Q,(x),P° + nA) 

of the Cauchy problem (12.41) . Moreover, one has 

trpo{Q{t)) = trpo{Qi) and E{Q{t)) = £{Qi), 

with Q{t) ^ P{t) - P", for all t e [0,oo). 

If the exchange term Q{x, y)/\x — y\ is neglected in Dq, like in the original papers 
of Dirac [3111, our theorem is valid for any a > 0. This can be easily seen from the 
proof given in Section 01 and the properties of the reduced BDF energy, as stated 
in |22j. 

Remark 2.2. In the present work we adopt the original point of view of Dirac 
[3IH| and others (22il2S by fixing P° as the unobservable background. In principle 
other translation-invariant choices could be made. Moreover Theorem ^ can be 
generalized, in a rather straightforward way, to cases in which a time-dependent 
external potential (p{t), such that \k\(p{t,k) S C^([0, oo), C), is included. This situ- 
ation might be considered in the study of timc-adiabatic systems or in scattering 
theory. 

Our method of proof is similar to classical arguments already used for the 
Hartree-Fock theory, based on Schrodinger's equation, cf. El and the refer- 
ences given therein. We indeed solve the evolution-problem written in terms of 
Q{t) = P(t) - P\ i.e. 

(2.8) U^^Qit)^[D„Q] + [VQ,P% 

[ Q{Q)=QieHA, 

where 

1 Q{x,y) 



VQ=rA[a{pQ-n).-~a^-—^jrA. 

We shall first prove the existence of a unique local-in-time solution in Ha by clas- 
sical arguments. Then, we show that the BDF energy (|2.t)|) is constant along this 
solutions, which consequently implies that it is indeed global-in-time, since £ is 
bounded-below and coercive. Note that these are two fundamental properties not 
valid for the usual Dirac-Fock energy which is unbounded from below, each of its 
critical points having an infinite Morse index ^2 El ; see also JHl for a related 
study. 

Remark 2.3. The existence of a bounded below energy-functional £, conserved 
along the solution P{t), is indeed a huge advantage of the BDF- model in comparison 
to other nonlinear Dirac equations, see, e.g. |1UI I16L [191 1251 . There global-in-time 
solutions are obtained with quite strong restrictions on the considered initial data, 
due to the non-existence of such an a priori energy-estimate. More precisely, suf- 
ficient smallness assumptions within appropriate Sobolev norms are required in 
|l()l 1161 |2ni ■ Similar assumptions for initial data corresponding to sufficient small 
scattering states at i = -l-oo are used in the related study of | 14l I15| . 

3. Proof of Theorem □] 

As mentioned above, we prove the existence of solutions to the system ()2.8|l 
written in terms of Q{t) = P{t) — P'^ 

(3,1) ^.^QW=f(W)). 

<3(0)=(3, 6Wa, 
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where 

(3.2) F{Q) - [Dq, Q] + [Vq,P\ Vq - Va [cy{pQ ^ * ^ " "^^^l) 
We start by proving first the existence of local-in-timc solutions. 

Lemma 3.1. Let &e A > and n (z C. Then, for any Qj G Ti-A, the nonlinear 
evolution problem (|3.1(l has a unique maximal solution 

(3.3) QeC'i[0,T),nA). 
Moreover, if the maximum time of existence T is finite, we have 

(3.4) liin||Q(t)|| =oo. 

Proof. By Cauchy's Theorem, we need to show that F is locally Lipschitz for the 
Ha topology. To this end, we first prove that there exist constants Ci, C2 and C3 
such that 



(3.5) 



[D'^,Q]\\e,^^,)<C,\\Q\\, 
[Vq,Q']\\^^^^^^<C2\\Q\\\\Q'\\, 



<C3||Q|| 



l62(flA) 

where D''^ :— 7'a(£>° — an * 1/\ ■ \)Va- Let us start by noting that for any p & C, 
there exists a constant k such that 

^ < ^E{A) IpIc , 

6oo(flA) 



(3.6) 



p * 



where E(x) = vT+a?, and which is an immediate consequence of the following 
inequality proved in [221 Proof of Theorem 1, step 3] 



P * 1 — f 



<'^IHIcl^"l 



Therefore, we can estimate 

and, denoting (pQ := apq * 1/| • |, we get 



\\[VQM']\\e,i^,)<m^)o^ 
On the other hand, Rq := Q{x,y)/\x — y\ satisfies 



IIQ'II 



\\Rq\\ 



62(^Ia) 



\x - y\ 

by Hardy's inequality. Hence 



dxdy<A tr ((- A)g2) < 4A ||g|| 



e2(.<aA) 



62(flA) 



< 8\/A||Q|| 



S2(iDA 



l^°lle.(.A)^ 8^101 



and 



i[^Q'Q']ie2(i5A)^2||i?Q|| 



6oo(i5A) 



IIQ'II 



62(f)A) 



S2(flA) ' 



ll62(j5A) 



To prove H3.5(l . it therefore remains to estimate the Hilbert-Schmidt norm of ['~pq, 
Since the kernel of •pqP^ in the Fourier domain is [2iTY/'^ipQ{p—q)P^{q), we obtain 

[^Q,P°](p,g)|' = (2^)3|0$(p-g)|2Trc4(P"(p)-P"(g))2 

= 2(2^)3|0^(p-g)|2Trc4(P"(p)P^(<Z)), 

where = 1 — P". By Lemma 12 in "ST], we have 



(3.7) 



Trc4(P"(p)P^(q))< 



2E{{p + q)/2Y' 
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and thus 
which yields 

l|[^Q'^°]|le.(«.)^^A||PQ|lc, 
for some constant Ca depending on the cut-off A. This consequently proves H3.5(l . 

ft remains to study F in the C norm. To this end, we remark that the density 
corresponding to [(pQjQ] vanishes, since 



(3.8) P[^Q,Q]{k) ^ 1 1 (p^ip + k/2~ s)TTciQis,p~k/2)dpds 

'f^{s-p + k/2)TTc^Q{p + fc/2, s) dpds = 0, 



by a simple variable transformation. Likewise the density of [tpq, P°] vanishes since 
the Dirac matrices {ctk)k^i and (3 have vanishing C^-trace. Similarly the density 
of [Rq,Q] is identically zero due to the symmetry in Q. Therefore, it remains to 
prove the continuity of the linear terms and [i?Q,P"] in the C norm. We 

find 

-g(p + fc/2,p-fc/2)i:>"(p-fc/2)) dp 



Trc^ ( ^Q(p + fc/2,p-fc/2) ) dp 



and thus 



1*^1 \"'|p|<A / 

with Co = \/T2/(27r)^/^, using Schwarz's inequality for matrices as well as functions. 
Squaring and integrating over k implies 

||P[D0,Q]||^ <Co|S(0,A)|i/2 ||Q||g^(^^). 

Additionally 



(3.9) 

|fi;| 



Trc4 

bl<A 



|fc| 

^ (P\p + fc/2) -P\p- fc/2)) Rq{p + fc/2, p - fc/2)^ dp 
By inequality 1)3. 7|l we thus have 

Trc4 ((P0(p + fc/2) - P\p - k/2)f) = 2Trc4(pO(p + fc/2)P^(p - fc/2)) < 



which, using Schwarz's inequality first for matrices then in the integration over p, 
leads to 

II ^[^Q.^^"] lie - i^Qis2(f,A) - IIQIIs2(f,A) 

and thus the assertion of Lemma l3.1l is proved. □ 

Let us now show that P{t) :— Q{t) + P° is indeed a projection for any t e [0, T). 

Lemma 3.2. Let be A>0, ne C, Qi = Pi - P° e Ha and {Q{t), [0, T)) given by 
Lemma \S . 1\ Then P{i) ~ Q{t) + P*^ is an orthogonal projector. 
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Proof. Define a new unknown A{t) := P{tf - P{t). Then A = PP + PP - P, 
which, together with 1)2.8(1 . yields 

(3.10) U^^Ait)=[D,,,,Ait)], 

[ A{0) ^Pf - Pi = 0. 

Since DQ{t) G ([0, T), 6oo(-^a)) this equation obviously admits a unique maxi- 
mal solution in 6i(ftA) and therefore A{t) = P{tf~P{t) = for any t e [0, T). □ 

As a consequence, we infer from Lemma 2 in that Q{t) — P{t) — P° is 
P'^-trace-class and that its charge ti-po{Q{t)) is an integer. Indeed, we also know 
that 

trpo(g(^)) =tr(g(i)3). 

Since t G [0,T) i~+ Q{t) is continuous in the 62{^a) topology and therefore also 
in the &3{S)a) topology, we obtain that t E [0,T) i-^ ti pa{Q{t)) is continuous and 
hence constant, i.e. 

yt e [0,T), trpo{Q{t)) = trpo{Qi). 

We now show that the BDF energy is also constant along the solution which will 
imply that T = oo. 

Lemma 3.3. Let be A > 0, n £ C, Qi ^ Pi - P" e Ha and {Q{t), [0, T)) given by 
Lemmam\ Then £{Q{t)) = £{Qi) for any t e [0,r). 

Proof. Let us first show that Q{t) e 6f"(f)A) for any t £ [0, T). Indeed [Vg, P°] is 
obviously in (Sf (^a) since 

P°[Vq,P'']P° - P°[V^Q,P"]P^ = 0. 

To proceed further, we denote Pt :— X(-oo,o) (^Q(t))j where DQ(t) is defined as in 
1)2.3(1 ■ i.e. including the spectral projections Pa. Then Pt satisfies Pj—P" G S2(^a), 
for any t G [0, T) by the results given in |26[ . 

Let us now recall the following fact, proved in [211 Lemma 1], which we shall 
use: if P and P' are two orthogonal projectors, such that P — P' e 62 (-^Ia), then 
it holds: 

(3.11) Ae6f(fiA), if andonly if 6f' (i3A), and trp A = trp/ A 

Using (|TTT|l . we deduce that Q{t) e 6f'(iOA) = Gf" {Sja) for any t e [0,T) and 
therefore 

Pt[DQ^t),Q{t)]Pt = [DQ^t).PtQ{t)Pt] e ©i(^a), 

since PtQ{t)Pt G Si(^a) and DQ{t) G &oo{S)a)- Using again ((3.11() . we infer 
[DQi^t),Q{t)] e 6f'(iOA) = 61° {^a) and therefore Q{t) e Sf°(ioA), which easily 
implies 

^trpo(Q(t)) =trpo(g(i)). 
By means of Lemma 5 in 21 , that is 

trpo{D°Q{t)) + aD{pQ - n, p^^^^) - atr (^3^ - trpo{DQ^t^Q{t)), 

we consequently obtain 

^^£{Q{t))^trpa{DQ(t)Q{t)). 
Hence, inserting equation 1(2.8(1 gives 

(3.12) j/iQit)) = trpo (DQ^t) [DQ(t) , Q{t)]) - 2 trpo (Dq^,^ [Vq^^^ , P°]) . 
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The first term on the right hand side vanishes again due to H3.11|l . since 
trpo (i?Q(t)[I?Q(t),QW]) = trp, (i?Q(4)[DQ(t),Q(i)]) = 0. 

Concerning the second term on the right hand side of H3.12|l . we first notice that 
obviously trpo (£)°[1/Q(t) , P°]) = 0. Furthermore we evaluate 

P"Vq[Vq,P"]P'' = P"VqP'IVqP'\ 

as well as 

P°MyQ,P°]P± = -P1VqP°VqPI 
Together with the fact that P^VgP" G &2i^A), this yields 

trpo{VQ[VQ,P']) - tT{[P^VQPlPlVQP"]) ^ 0, 

and thus it holds 

which concludes the proof. □ 

This finally allows us to end the proof of Theorem ^ 

Corollary 3.4. Assume that < a < A/n. Let be A > 0, n e C, Qi = Pj - P° € 
Tl\ and {Q{t), [0,T)) given by Lemma \S.l\ Then T = oo. 

Proof. Since P{t) is a projector, we have — P° < Q{t) < 1 — P". We know from 
|22[ Equ. (26)] that £ is coercive, for < a < 4/7r, on the set 

5a = {Q e Ha, -P" < Q < 1 - P°}, 
due to the following inequality 



£{Q{t)) + f ll^llc > (l - «J) trpopOQ(t)) + I ||pQ(t) - n\ 



and the fact that, when Q E S\, it holds 

trpoiD°Q)>tri\D^\Q^)>\\Q\\l^^^^y 

Since £{Q{t)) = £{Qi), this consequently implies that stays bounded for 

a < 4/7r. Therefore the maximum time of existence is T = oo and Theorem ^ is 
proved. □ 
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